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Abstract Early Warning Signals (EWS) have gen-
erated much excitement for their potential to antici-
pate transitions in various systems, ranging from cli-
mate change in ecology to disease staging in medicine.
EWS hold particular promise for bifurcations, a tran-
sition mechanism in which a smooth, gradual change
in a control parameter of the system results in a rapid
change in system dynamics. The predominant reason to
expect EWS is because many bifurcations are preceded
by Critical Slowing Down (CSD): if assuming the sys-
tem is subject to continuous, small, Gaussian noise,
the system is slower to recover from perturbations
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closer to the transition. However, this focus on warn-
ing signs generated by stochasticity has overshadowed
warning signs which may already be found in deter-
ministic dynamics. This is especially true for higher-
dimensional systems, where more complex attractors
with intrinsic dynamics such as oscillations not only
become possible—they are increasingly more likely.
The present study focuses on univariate and multivari-
ate EWS in deterministic dynamics to anticipate com-
plex critical transitions, including the period-doubling
cascade to chaos, chaos-chaos transitions, and the
extinction of a chaotic attractor. In a four-dimensional
continuous-time Lotka—Volterra model, EWS perform
well for most bifurcations, even with lower data qual-
ity. The present study highlights three reasons why
EWS may still work in the absence of CSD: chang-
ing attractor morphology (size, shape, and location
in phase space), shifting power spectra (amplitude
and frequency), and chaotic transitional characteristics
(density across attractor). More complex attractors call
for different warning detection methods to utilise warn-
ing signs already contained within purely deterministic
dynamics.

Keywords Early Warning Signals - Global bifurca-

tion - Chaotic bifurcation - Lotka—Volterra model -
Critical transition - Regime shift
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1 Introduction

All systems exhibit temporal dynamics. These changes
across time may be the oscillations of a pendulum,
the rhythmic beating of a heart, or the fluctuations in
financial markets. Bigger system changes, such as the
extinction of a species or the onset of depression, may
be called regime shifts: large, qualitative differences
in system structure and behaviour [1]. Some regime
shifts may be anticipated using Early Warning Signals
(EWS), which are statistical indicators of an upcoming
transition. In the case of undesirable shifts such as a dis-
ease outbreak, knowing if and when a shift is coming
would be profoundly useful, enabling one to prepare,
mitigate or even avoid the shift altogether. EWS are for
example expected for bifurcation-induced transitions,
in which small, continuous changes in system parame-
ters result in sudden, qualitative changes in behaviour
[2,3]. In this paper, we focus on anticipating switches
between complex attractors, such as limit cycles and
chaotic attractors. As the extent to which EWS can
be expected for complex bifurcations remains unclear,
we demonstrate how typical characteristics of complex
attractors might underlie the warning signs observed in
deterministic dynamics.

A strong theoretical basis for EWS centres on the
phenomenon of Critical Slowing Down (CSD): as the
bifurcation point is approached, the current attractor
loses its stability and the system is thus less quick to
recover from perturbations [4—8]. Analytically, loss of
stability is equivalent to the dominant eigenvalue of the
linearised dynamics around the attractor approaching
zero from below, which translates to a slower return
rate to equilibrium [6]. Under the assumption of con-
tinuous state perturbations, this slower recovery rate
means that perturbations have a more pronounced and
persistent effect, which may be detected by rising vari-
ance and lag-1 autocorrelation, among other EWS. The
hope for anticipating transitions using EWS thus cen-
tres primarily on CSD, which requires stochasticity in
the form of continuous perturbations.

This theoretical narrative works nicely for critical
transitions between fixed point attractors. For instance,
most transitions are modelled using a pair of saddle-
node bifurcations, which leads to the disappearance of
a stable fixed point and the appearance of a new, distant
fixed point which the system settles in. However, it is
less clear what EWS to expect for transitions between
attractors more complex than fixed points, such as limit
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cycles and chaotic attractors. When moving to more
realistic, higher-dimensional, non-linear models, more
complex attractor types not only become possible—
they are increasingly more likely. For instance, Random
Matrix Theory indicates that both oscillatory [9] and
chaotic dynamics [10, p. 1469] become more probable
for increasing dimensionality [11]. Moreover, empiri-
cal systems from diverse fields have been speculated to
contain complex attractors, such as in ecology [12,13],
health care [14—17], neuroscience [18], as well as in
mental health and psychotherapy [19-26]. Examples of
critical transitions involving complex attractors include
the birth of a limit cycle from a fixed point (Hopf
bifurcation), period-doubling and period-halving bifur-
cations, chaos-chaos and periodic-chaotic transitions.
Such complex critical transitions not only include local
bifurcations, but also global bifurcations. Local bifur-
cations correspond to topological changes concentrated
in a small region around fixed points, which are well
described by an analytical analysis [27,28], [29, p.
197]. Conversely, global bifurcations result in larger
altered regions of phase space, involving the collision
between invariant sets with each other or with equilib-
ria [30]. They are always catastrophic [12], and involve
attractors covering larger regions of phase space or dis-
tal attractors, as for instance a homoclinic connection
between two fixed points.

In the case of complex and chaotic attractors, it is
unclear whether EWS based on CSD can be expected.
Analytically, chaotic and global bifurcations are not
expected to be preceded by generic EWS. Chaotic
attractors are inherently locally unstable, such that a
global gradual loss of stability is not reflected locally.
Atypical local stability analysis of fixed points has little
relevance for complex critical transitions, which may
have non-smooth, fractal potentials or involve switches
between distant attractors (global bifurcations) [31].
Fractals, such as the famous Mandelbrot or Cantor set,
are “complex geometric shapes with fine structure at
arbitrarily small scales” [32, p. 398], consisting of “an
infinite complex of surfaces” [33, p. 140]. Rather than
the exception, non-smooth potentials are the norm in
the case of multiple attractors [31, p. 467], and are not
well approximated by a linearization. As such, CSD
and its typical reflection in EWS are not expected to
occur [31].

Simulation studies—though sparse—have shown
mixed results on EWS for complex and chaotic bifurca-
tions. Using several higher-dimensional models in both
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continuous and discrete time, Hastings and Wysham
[31] found no no clear, reliable change in variance and
skew in anticipation of several chaotic switches. In con-
trast, using a similar model as Hastings and Wysham,
Carpenter and Brock [34] did find strong EWS, though
focusing on spatial patterns of the entire system and
not on individual spatial patches. Similarly, Dakos et
al.’s [35] study of a one-dimensional discrete Ricker
model with intrinsic noise observed changes in lag-1
autocorrelation and coefficient of variation (©/o) in
anticipation of period-doubling as well as the onset of
chaos [35]. The warnings were not peaks, but gradual
increases proportional to a gradually changing param-
eter. Moreover, several studies have found evidence for
EWS of global bifurcations [36-38].

Given the ambiguity on whether to expect EWS for
complex bifurcations, the goal of the current paper is
to build towards a step-wise understanding by start-
ing with EWS harboured in deterministic dynamics.
When studying fixed-point bifurcations, deterministic
dynamics are hardly interesting, as only the location of
the fixed point may change. In contrast, complex attrac-
tors allow for a much wider array of warning signals,
as they are characterised by not only their location in
phase space, but also their size and shape, differences in
density and speed along the attractor, and sometimes
switches between smaller attractors contained within
the larger attractor. Even in the absence of stochasticity,
properties of complex attractors that gradually change
along with a smoothly changing bifurcation parameter
are expected to show EWS.

In the present study, we aim to clarify this uncertain
picture by testing the performance of a broad range
of EWS in a multitude of complex critical transitions.
In a continuous Generalised Lotka—Volterra model of
four dimensions, the transitions studied include fixed
point bifurcations such as the Hopf and saddle-node
bifurcation, limit cycles bifurcations such as period-
doubling and period-halving sequences, and chaotic
bifurcations, such as the subduction, the interior crisis,
and the boundary crisis (see Fig. 1). Taking a simple yet
fundamental approach, we investigate EWS contained
in deterministic dynamics without any stochasticity.
The intrinsic dynamics of complex attractors already
yield fluctuating EWS in null models, in which no
parameter is changing. This necessitates incorporating
both sensitivity and specificity into the performance of
EWS, which is summarised using the Area Under the
Curve (AUC) of the receiver operating characteristic

(ROC) curve of each measure’s false positive vs. true
positive rate. Finally, we test the dependency of EWS
on data quality (sampling frequency and measurement
noise). Our findings argue for the lack of a universal
EWS signature and the many warning signs which may
already be present in deterministic dynamics.

2 Methods
2.1 The Generalised Lotka—Volterra model (GLV)

To examine the utility of EWS in anticipating various
critical transitions, we choose a model that is able to
display a rich array of complex attractors: the Gen-
eralised Lotka—Volterra (GLV) Model. Based on the
logistic growth model, the range and stability of the
behaviour of the GLV has been extensively analysed
[11,39-41], and is used to model mutualistic and com-
petitive multidimensional systems in ecology [42,43],
cognitive science [44], economics [45,46], and more
recently, emotion dynamics [47,48].

The GLV describes a system of N species competing
for limited resources, and how they interact and evolve
over time. The model includes a growth or death rate
r; as well as community matrix encoding interspecies
dynamics C,

dx; N
d_tlzrixi 1_;Cijxj (D

Cij denotes the effect of an increase in species j
on species i, or equivalently, the receiving effect of
species i from species j [49]. Extending the simple
two-species predator—prey model with only competi-
tive interactions, the GLV can display three types of
interactions: competitive (C;; > 0 and Cj; > 0) (note
the minus sign in Eq. 1), mutualistic (C;; < 0 and
Cji < 0), or predator—prey (C;; > 0 and Cj; < 0,
or C,’j < 0 and Cj,' > 0).

Manipulating the connectivity matrix C in a specific
way results in a well-studied sequence of regimes [42]:
the onset of oscillations with increasing amplitude in
a Hopf bifurcation, with increasingly intricate oscilla-
tions created by a period-doubling cascade to chaos,
which is interrupted by intermittent periodic windows,
ending in a boundary crisis in which the chaotic attrac-
tor is extinguished, after which the system settles into
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Fig. 1 Overview of the Generalised Lotka—Volterra (GLV)
model and included bifurcations. The system consists of four
variables (top panel), which are interconnected through C and
intraconnected through r (see Sect. 2.1). The strength s of
the interconnectivity acts as the control parameter of the sys-
tem, where higher s results in greater competition for resources
between variables, concurrent with a diminished growth rate
(since r remains fixed) of each variable. Bifurcation sequences
were generated both by increasing and decreasing s (double-
headed arrow), as shown in the three-dimensional phase space
landscapes of [ X3, X2, X 1] (bottom panel). Increasing s (arrows

a fixed point. Though a specific set of parameters is
required to achieve this sequence of behaviours, these
critical transitions are quite generic and occur widely
across alternative realisations of the GLV and many
other dynamical systems [12,50-52], making them of
general interest to non-linear and chaotic systems.

Specifically, this sequence of dynamical regimes
may be generated by fixing
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pointing to the right) results in a typical sequence of bifurca-
tions, involving the birth of a limit cycle from a fixed point (Hopf
bifurcation), increasingly intricate limit cycles through period-
doubling bifurcations (period-2 to period-4, period-4 to period-8,
period-8 to period-16) culminating in chaos (mixed-periodic to
chaotic) which switches back to periodic behaviour (subduction).
By increasing s further, a transition between chaotic attractors
takes place to a more densely filled attractor (interior crisis), fin-
ishing with the extinction of the chaotic attractor (boundary cri-
sis). Decreasing s (arrows pointing to the left) results in a similar
sequence of bifurcations, though now from the other direction

1 1 1.09152 0
r— 0.72 C— 0 1 044136
1.53 233 0 1 047

1.27 1.21 0.510.35 1

and multiplying the off-diagonal elements of C with
a single control parameter s, as discovered by [39]. If
s = 0, the system is completely decoupled. Increas-
ing the control parameter s results in increasing inter-
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Table 1 Bifurcations studied

Bifurcation Class Behaviour CSD Direction s
Saddle-node Dangerous Node to node v [5] Backward
Hopf Safe Node to periodic V[9,53-55] Both
Period-doubling Safe Periodic to periodic vV [56,57] Both
Period-doubling cascade Safe [58] Periodic to chaotic V[57] Both
Subduction Explosive Periodic to chaotic V[27] Both
Interior crisis Explosive Chaotic to chaotic X[27,59] Both
Boundary crisis Dangerous Chaotic to node X[27,59] Forward

Each bifurcation is categorised as safe, explosive, or dangerous using Thompson and Sieber’s [27] classification scheme (see Table
2). Behaviour indicates the system’s regime before and after the bifurcation point, which may be preceded by Critical Slowing Down
(CSD). Most bifurcations were studied with increasing s (direction forward) and decreasing s (direction backward)

Table 2 Properties of bifurcation classes (safe, explosive, dangerous) as indicated in Table 1

Property Definition Safe Explosive Dangerous

Catastrophic The old attractor suddenly disappears, and X v v
the new attractor appears in a
non-smooth, non-continuous way

Sudden jump to a A sudden jump to another attractor and/or X X 4

new attractor an enlargement of the attracting set

Determinate A deterministic outcome even under small v 4 X
noise, not dependent on the global
typology of phase space

Hysteresis The regime switch cannot be reversed by X X v
returning to the same value of the
control parameter

Basin change New attractor collides with the residual X X v
basin boundary

Intermittency Switches between the old and new X 4 X

attractor

These properties help to understand the variability in the (ir)reversibility and underlying phase space changes among bifurcation types,

and may also inform what EWS to expect

species competition (as the species are purely com-
petitive) while holding the growth rate r; constant (see
Fig. 1, top panel). As transitions are induced by manipu-
lating only one control parameter, all resulting bifurca-
tions are of co-dimension one [32, p. 70]. Importantly,
C is asymmetrical, which allows the system to occupy
a large range of complex attractors.

2.2 Selected bifurcations

The simulation includes nine bifurcations for which it
was possible to generate both directions of the transi-
tion for seven bifurcations, resulting in a total of six-
teen transitions (Table 1, Fig. 1, Supplementary Table

S2). Following Thompson and Sieber’s [27,60] clas-
sification, the transitions consist of safe, explosive,
and dangerous bifurcations. This classification helps
to understand the variation among bifurcation types,
their (ir)reversibility, and their underlying phase space
changes. In addition, these classes inform predictions
of EWS, as for instance safe bifurcations are non-
catastrophic, meaning they develop in a smooth, con-
tinuous fashion (Table 2).

There are four classical ways in which chaotic
attractors can be created—or destroyed, if the pro-
cess is reversed. The four routes to chaos are the
period-doubling cascade (a series of period-doubling
bifurcations gives birth to a chaotic attractor), quasi-
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periodicity (a limit cycle develops into a torus display-
ing quasi-periodic motion, which then develops into a
chaotic attractor [52, Ch. 6]), intermittency (periodic
motion is intermittently interrupted by chaotic bursts,
before finally settling on the chaotic attractor), and the
crisis route (transient chaos transforms into a chaotic
attractor) [17,61]. Naturally, steps in these routes may
themselves serve as warnings of oncoming chaos.
Below, we briefly describe each bifurcation type.

2.2.1 Saddle-node bifurcation: the disappearance of a
stable fixed point

A saddle-node bifurcation (also called a tangent bifur-
cation, or fold bifurcation in discrete-time systems) is a
mechanism through which fixed points are created and
destroyed. In the typical case used to model critical
transitions, a pair of saddle-node bifurcations connects
two stable branches and one unstable branch. The sys-
tem starts out on the first stable branch, representing the
slowly changing fixed point coordinates as the control
parameter changes. At the first saddle-node bifurca-
tion sclm, the stable fixed point collides with an unsta-
ble fixed point, annihilating both. The system jumps to
the far-removed second stable branch. To return to the
first stable branch, the control parameter would have
to be decreased not to s, but to the much lower sec-
ond saddle-node bifurcation point sgrit. At sgrit, the sec-
ond stable branch collides with an unstable fixed point,
again leading to the destruction of both, leading the sys-
tem to jump back to the first stable branch. A saddle-
node bifurcation is a local phenomenon which in any
continuous system is preceded by CSD [5].

2.2.2 Supercritical Hopf bifurcation: the birth of a
limit cycle

A Hopf bifurcation (Neimark—Sacker bifurcation in
discrete-time systems) is a local bifurcation which
gives birth to a limit cycle. Just like its more stud-
ied siblings the saddle-node, pitchfork, and transcrit-
ical bifurcation, the Hopf is a zero-eigenvalue bifurca-
tion (in which the dominant eigenvalue of the linearised
dynamics around the attractor reaches zero at the bifur-
cation point). Unlike the other zero-eigenvalue bifur-
cations, the Hopf bifurcation occurs only for systems
of dimensionality two or higher and involves oscilla-
tory dynamics due to the imaginary part of the asso-
ciated eigenvalues. In a supercritical Hopf bifurcation,
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a pair of complex conjugate eigenvalues (having both
a real and imaginary part, A = a = bi) crosses the
imaginary axis, gaining a positive real part. As such,
oscillations are no longer dampened, and the system
transitions from a stable spiral to a limit cycle.

2.2.3 Period-doubling and period-halving:
increasingly and decreasingly intricate limit
cycles

Period-doubling and period-halving bifurcations are
mechanisms through which a limit cycle can become
more intricate or more simplistic, respectively. In a
supercritical period-doubling bifurcation (also called a
flip bifurcation in discrete-time systems), a stable peri-
odic cycle bifurcates into a new stable periodic cycle
of double its period. Whereas for s < scit, the period
of the cycle (i.e. the length of one full oscillation) was
T,suchthatx(t +7) = x(t), after the period-doubling
bifurcation, it has doubled to 27 . In this way, the limit
cycle becomes more intricate, involving a more com-
plex pattern that is still perfectly periodic.

A sequence of such period-doubling bifurcations is
a well-known route to chaos, called an infinite period-
doubling cascade [42,62]. Such a sequence would typ-
ically create limit cycles of period 2, 4, 8, 16, and so on.
The time between these bifurcations follows a universal
pattern as discovered by Feigenbaum, where each nth
bifurcation point s, occurs in quicker succession, as
given by the Feigenbaum constant. Naturally, we may
also observe the inverse: a period-halving cascade, con-
sisting of successive period-halving bifurcations lead-
ing to order. A similar reverse cascade creates limit
cycles of period 16, 8, 4, 2, and 1, returning to a stable
fixed point in a backwards Hopf bifurcation.

Period doubling bifurcations in the context of EWS
have been studied by [9,63-66], with sparse literature
on EWS for period-halving bifurcations [65]. Classi-
cal EWS such as rising variance, lag-1 autocorrelation
and spectral power are observed in period-doubling
sequences in discrete time [9,35].

2.2.4 Crises: dramatic (dis)appearance of a chaotic
attractor

Crises are bifurcations leading to the destruction or cre-
ation of a chaotic attractor. Unlike the previous three
bifurcations discussed, crises are global events, and
are always catastrophic. As such, they involve larger
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invariant sets (i.e. not only fixed points but attractors
spread out over larger regions of phase space) and dis-
continuous, sudden switches between attractors. Crises
occur when a chaotic attractor collides with an unsta-
ble node or periodic cycle [67], leading to its extinc-
tion or expansion, or in reverse, its birth or reduction.
By definition, a chaotic attractor is locally unstable but
globally stable, where the latter is lost at the crisis point.

The two most well-known crises are the interior cri-
sis and the exterior or boundary crisis. In an interior cri-
sis, a chaotic attractor collides with an unstable cycle
and subsumes the basin of another chaotic attractor
[12],leading to a sudden increase in the size and change
in the shape of the chaotic attractor [67]. In a bound-
ary crisis, a chaotic attractor collides with an unstable
cycle which is on the boundary of the attracting basin,
leading to the disappearance of the chaotic attractor. Its
basin of attraction does not gradually shrink to zero as
in a saddle-node bifurcation, but is destroyed suddenly
and completely [27].

2.2.5 Subduction: sudden shift between periodic and
chaotic behaviour

In a subduction, a chaotic attractor suddenly converts to
a periodic attractor or vice versa. Subductions underlie
the familiar islands of periodicity interspersed between
chaotic regions found in many bifurcation diagrams
[51, p. 4]. A subduction is a type of saddle-node bifur-
cation (also called tangent bifurcation) in which a stable
and unstable orbit are created as a chaotic attractor col-
lides with a stable periodic orbit [51, p. 94], [60,67,68].
A subduction is thus not a crisis, but a local bifurca-
tion that occurs within a global structure [60,67]. The
chaotic attractor is replaced by the new periodic orbit,
but continues to exist throughout the periodic window
as a non-attracting chaotic set. The end of the peri-
odic window often occurs due to the collision of the
non-attracting chaotic set with another chaotic attrac-
tor. This bifurcation results in the replacement of the
periodic orbit with the new chaotic attractor [51, p. 94].

2.3 Selected early warning signals

An overview of the studied EWS may be found in Table
3. As the EWS signature of complex critical transitions
is largely unexplored, we aimed for a comprehensive
overview.

Table 3 Overview of selected early warning signals

Class Early warning signals

Mean [69]

Variance [70]

Coefficient of variation [70]
Skewness [71]

Kurtosis [3]

Generic univariate

Lag-1 autocorrelation [72]

Mean absolute cross-correlation
[73]

Largest eigenvalue of the
covariance matrix [74]

Multivariate

Spatial variance [75]

Spatial skewness [75]

Spatial kurtosis [75]
Spectral univariate Maximum spectral density [9]
Spectral exponent [76,77]

Spectral ratio [3]

Table 4 Overview of simulation parameters

Parameter Setting Meaning

Nsim 25 Number of
simulation models

T 1000 Number of time
steps to simulate
per step s; in the
bifurcation
parameter

Ay .01 Euler integration
time step

Baseline N 100 Number of steps in s

in baseline period

Transition Ny 100 Number of steps in s

in transition period

Nnoise 10 Number of noise
simulations per
simulation model

s [10,1,.1] Downsampling
frequency

Oobs [0.0001, .02, .04] Observational noise

intensity

2.4 Simulation and analysis
We here outline an overview of the set-up to generate

time series for each bifurcation type, compute EWS,
and summarise the performance of each EWS per bifur-
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cation type. An overview of the simulation parameters
can be found in Table 4. For details and variations on
the implementation per bifurcation type, please see the
Supplementary Materials, section S1.1.2. An algorithm
summarizing the procedure may be found in the Sup-
plementary Materials (section S1.1.2, algorithm 2).

2.4.1 Generating time series of critical transitions

For each bifurcation type, our objective is to simulate
multiple realisations starting from different initial con-
ditions. The need for multiple realisations of the same
bifurcation may seem strange in a deterministic sys-
tem. This is indeed unnecessary in the case of systems
where the entire control parameter range is monostable,
meaning that only a single attractor exists whose basin
of attraction occupies the entire state space; all initial
conditions converge to the same attractor. In contrast, in
multistable regions, differences in initial conditions do
result in different bifurcation sequences (see Supple-
mentary Figure S5). Particularly in the case of fractal
basin boundaries [32, p. 4471, [51, p. 147], [78-80], the
most minor difference in initial conditions can make the
system converge to a different attractor. Fractal basin
boundaries are common to many systems and attrac-
tors (e.g. Duffing oscillator, forced damped pendulum),
and especially for chaotic attractors, where a difference
in initial conditions also results in a different density
along the attractor. Because of this dependence on ini-
tial conditions, we use multiple realisations for each
bifurcation type in order to make more general conclu-
sions about the predictability of each bifurcation type.

As the range of bifurcations possible in the GLV is
vast (see Fig. 2), we first forced the GLV through nearly
the entire parameter range s (see Table S2 for all ranges
s used) in order to identify parameter regions contain-
ing bifurcations of interest. Bifurcation diagrams were
numerically obtained by finding the peaks and troughs
(i.e. local minima and maxima) of the time series using
the R package pracma [81]. Note that transients are
included in the diagram to show the full transitional
process, meaning that the entire time series was used
without discarding a burn-in period. To find the param-
eter regions corresponding to the bifurcations of inter-
est, we used a custom regime boundary detection algo-
rithm (see Supplementary Materials, section S1.1.1).
This numerical algorithm finds the control parameter
values which delimit each regime, as well as the state
variable values which may be used as initial condi-
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tions. Using these regime boundaries and initial condi-
tions (the initial condition xo and bifurcation parame-
ter value s1 halfway across the first regime, as well as
the starting bifurcation parameter value s, of the sec-
ond regime), we may generate both a transition and a
null model for each realisation. The transition and null
model start from an identical initial condition and con-
trol parameter value, but whereas the control parameter
stays constant in the null model, the transition model
is forced through a bifurcation by changing the control
parameter in a step-wise fashion. The null model there-
fore shows the fluctuations that are expected in EWS
in the first regime.

Per bifurcation type, Nsim = 25 realisations (i.e. 25
transition and 25 null models) were created. The control
parameter was changed in steps, where for each step in
Nj, a time series was generated with 7 = 1000 and
time step A; = .01 and (i.e. length 100,000) using
Runge—Kutta (4th order) integration available in the
ode function from the deSolve package [82] (exceptions
to these settings depending on bifurcation type may be
found in the Supplementary Materials, section S1.1.2).
In each model, the control parameter was kept constant
at 51 for Ny = 200 steps, followed by a transitional
period with s € [s1, s2] changed in Ny = 100 equally-
sized steps (for null models, s was kept at s1), ending
with a post-bifurcation period with s fixed at s, for
Ny = 100 (for null models, s was kept at s1).

Bifurcation types differ in the size of the parame-
ter regions at which the first and second regime are
found. For example, though the Hopf bifurcation is pre-
ceded by a fixed point regime found in s = [.6, .83],
the interior crisis (merging) is preceded by a small
chaotic attractor contained in the narrow range s ~
[1.011, 1.0125] (see Fig.2). In order to ensure that
EWS were comparable across bifurcation types, the
number of steps Nj in the control parameter was the
same across bifurcation types, but the size of each step
Ay differed.

Importantly, the present study includes warning sig-
nals contained within transient dynamics. Transient
behaviour is not long-term stable and will die off as r —
oo. However, it may be argued that many empirical
systems operate on non-asymptotic timescales where
transient behaviour is highly relevant [2]. Expectations
of warnings signs based on asymptotic dynamics may
also be misleading, as a system is rarely observed
for a sufficient amount of time in applied settings.
We are therefore interested in warning signs in non-
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Fig. 2 Bifurcation diagram of the Generalised Lotka—Volterra
model (only the first variable X ), showing the sequence of tran-
sitions as the control parameter s is increased from [.6, 1.3]. For
each step in s, the peaks and troughs (i.e. local minima and max-
ima) of the corresponding time series are shown as black points,

asymptotic dynamics. This has the important implica-
tion that even in the case of exactly the same control
parameter sequence, slight variations in initial condi-
tions can lead to differences in the control parameter
value at which the transition is detected. As the transi-
tion is detected numerically, multiple realisations of the
same bifurcation type with different initial conditions
will not transition at the exact same control parameter
value.

In order to ensure that the same amount of data was
used for each realisation, as well as to check whether the
simulation was successful, the regime boundary detec-
tion algorithm was also applied to the transition and
null models. The realisation was retained only if the
intended first regime and second regime were detected
in the transition model, and only the first regime in the
null model. The starting point of the second regime
was then used as the transition point. The preceding
N5 = 100 were used as the transitional period to detect
EWS, and the Ny = 100 preceding the transitional
period was used as the baseline period. As such, for the
EWS analysis, each model was of length Ny = 200.

corresponding to each value of the bifurcation parameter s (x-
axis). Coloured bars indicate the periodicity of the time series
as found using our regime boundary detection algorithm, where
white indicates chaotic or transitioning regimes

2.4.2 Computing early warning signals

EWS were computed for each step in s (i.e. non-
overlapping windows). To assess the dependence of
EWS performance on the quality of the dynamics,
the time series were downsampled with frequencies
fs € [10, 1, .1] (i.e. retaining 10 samples per time
unit, 1 sample per time unit, or 1 sample per 10 time
units) and obscured by observational (additive) noise
with intensities ogps € [0.0001, .02, .04], yielding 9
conditions. For each condition, 10 noise realisations
were run, yielding 250 transition and null realisations
per condition.

No preprocessing was applied to the time series,
as it is not known which method best fits these
wide-ranging bifurcation types, potentially removing
warning signs in the process instead. For instance,
detrending, deseasoning, filtering, interpolation, and
data transformations can all impact which EWS are
detected [77,83,84].

Note that transitions from a fixed point do not depend
on the initial condition in the case of deterministic
dynamics, such that only one realisation for the Hopf
and saddle-node bifurcation was created. To still yield
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the same number of noisy time series, 250 instead of
10 noise realisations are created. In case the time series
had near zero variance (as is the case for fixed points
with no observational noise), EWS were set to 0.

2.4.3 Performance measure: area under the curve
(AUC)

Finally, the performance of EWS is summarised using
receiver operating characteristic (ROC) curve, a stan-
dard approach which integrates the trade-off between
sensitivity and specificity [85]. An ideal EWS max-
imises the number of true positives (resulting from tran-
sition models), and minimises false positives (resulting
from null models). In brief, an EWS metric displays a
warning sign if it falls outside the confidence band in
the transition period. The confidence band or interval
(CI) is constructed from the mean fipgaseline and standard
deviation opaseline of the EWS metric in the baseline
period using CI = ppaseline + Obaseline - Tcrit- By varying
the critical threshold o, a ROC curve is constructed
by counting the number of transition models with true
positives and the number of null models with false posi-
tives for each ot To fully complete the ROC curve, we
explored the entire range of ot in steps of.01 for each
model until TPR = 0 and FPR = 0, with a maximum
of ourit = 150 (which is the case in rapid transitions
with little baseline variance, such as the saddle-node
bifurcation). The ROC curve traces the false positive
(1 - specificity, i.e. FPR = Fl’i%) vs. true positive
rate (sensitivity, i.e. TPR = TPE%).

Integrating the area under the curve (AUC) yields
a performance measure which is independent of a sin-
gle threshold, which would be arbitrary and not gen-
eralise to scenarios with different specificity to sen-
sitivity trade-offs. A perfect measure corresponds to
AUC = 1, where all thresholds yield only true and no
false positives, whereas a measure with AUC = .5 is
considered uninformative, where each threshold yields
the same rate of false positives as true positives. Though
cut-off values are field-specific and depend on the rela-
tive improvement in AUC compared to already existing
measures, a starting point for classification identifies
measures with AUC > .9 as excellent, .8 < AUC < .9
as good, .7 < AUC < .8 as fair, .6 < AUC < .7
as poor, and .5 < AUC < .6 as useless [86]. Given
the high resolution of the AUC curve, simple trape-
zoidal integration was used to compute the area under
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the curve using the function trapz from the R package
pracma [81].

2.4.4 Timing and direction of EWS

The AUC is an incomplete performance measure, as it
assesses the balance between sensitivity and specificity
of EWS occurring at any moment before the transition.
To gain more insight into the nature of each EWS, we
looked at the direction and timing of warning signals
given an optimised critical cut-off value o.;. The criti-
cal cut-off value oj; determines what signal counts as
a warning signal. Higher o results in not only fewer
abut also later warning signals, as the signal has to be
stronger to pass the cut-off value and be recognized as a
warning. Conversely, lower o yields greater sensitiv-
ity but reduced specificity, with more as well as earlier
warning signals. As it is crucial whether warning sig-
nals are on time in any practical setting, a single cut-off
value is needed, for which we used Youden’s J statistic
[87]: J = Sensitivity + Specificity — 1, or rewritten as
J = TPR —FPR. It finds the cut-off value for which the
sensitivity and specificity are highest, weighing them
as equally important.

Setting a single critical cut-off value o also allows
us to see in which direction the warning is: Is the EWS
increasing or a decreasing as compared to baseline?
To summarise the timing and direction of EWS across
simulations, we found the o that corresponded to the
maximum J statistic for each combination of bifur-
cation type, metric, downsampling frequency f; and
observational noise intensity oops. We then extracted
the first warning signal that resulted from this optimal
cut-off value o, from all simulations and noise itera-
tions of transition models. To aggregate across differ-
ent data quality conditions (downsampling frequency
fs and observational noise intensity ogps), We com-
puted the median time of the warning signal as well as
the percentage of warning signals showing an increase
as compared to baseline (i.e. the direction of EWS)
per bifurcation type and metric. Here, 100% of posi-
tive warning signs means that all warnings showed an
increase, 0% means that all showed a decrease, and
50% means an equal mix of increases and decreases
across f and ogbs.
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2.5 Implementation

All analyses were conducted using R Statistical Soft-
ware (v4.2.1) [88]. Analysis code may be found in the
package bifurcationEWS that accompanies the paper,
freely accessible on GitHub [89], along with the full
analysis scripts suitable for running on a High Perfor-
mance Cluster.

Whereas the implementation of most selected EWS
is rather straight-forward, the spectral EWS require
some additional notes.

The maximum spectral density Smax is computed by
translating the Python code from the package ewstools
[90] to R. The power spectrum was computed using
Welch’s method with long-mean detrending as imple-
mented in the function pwelch from the package gsignal
[91].

Following [3], the spectral ratio is computed from
a parametric estimate of the power spectrum using the
spec.ar function from the package stats [88]. The order
of the fitted autoregressive model is determined by the
Akaike information criterion and thus determined per
time series. As recommended by [3], the high frequency
was set to the maximum possible for a given downsam-
pling frequency f;. The low frequency could not be set
to 2.5 observations as recommended in case of f; = .1,
such thatitinstead was set to 10% of the high frequency.
This yields the spectral ratio between a low frequency
2{% and high frequency %

Lastly, the spectral exponent is computed by trans-
lating the Matlab code from [76] to R. Though the rec-
ommended frequency band is 1072 > f < 1071 [92],
this was not feasible given the lowest of our downsam-
pling conditions f; = .1. One alternative would be
to estimate the slope on a fixed percentage of the fre-
quency band. However, this has been shown to result
in artefacts in the estimation of the slope [93]. A bet-
ter method resulting in reliable slope estimates is to
compute the slope on a fixed amount of lowest fre-
quencies [93]. As such, we follow [76]’s computation
of the spectral density, but compute the slope over the
50 lowest frequencies as recommended by [93].

3 Results
3.1 Bifurcation diagrams

Fig.2 displays the bifurcation diagram of X for the
complete range of s € [.6, 1.3]. As indicated by the

coloured background, the regimes traversed by the sys-
tem vary greatly across the parameter space. Further-
more, it highlights the consistency of regime bound-
aries across all variables. Apparently, these connectiv-
ity strengths are strong enough for the critical bifurca-
tion points to converge across variables, whereas for
weakly connected systems, variables may bifurcate at
different points in the parameter space [73].

Comparing the bifurcation diagrams per variable
(Supplementary Figure S2) further demonstrates the
variation in how the same regime is realised: differ-
ences in magnitude, timing, and periodicity make the
GLV a truly challenging multidimensional system. For
instance, the maximum value attained by x3 is much
lower than the other variables, and also displays a much
simpler dampening oscillation before it reaches the
fixed point it eventually settles in (s =~ 1.22). From
this diagram alone, it is thus already to be expected
that the univariate EWS do not show the same patterns
across x;. The bifurcation diagrams of the other three
variables (Supplementary Figure S2), of s € [1.3, .6]
(reverse order of s, Supplementary Figure S3), and of
the saddle-node bifurcation (Supplementary Figure S4)
may be found in the Supplementary Materials.

3.2 Predictability of bifurcations

The median AUC across conditions (downsampling
frequency f; € [10,1,.1] and observational noise
intensity ogps € [0.0001, .02, .04]) is shown in Fig. 3.
Strikingly, many EWS show near-perfect performance
(.9 < AUC < 1, bright yellow) for about a third of
bifurcations. Bifurcations which are more difficult to
anticipate are of higher periodicity, such as period-
doubling 4-8 and 8-16 and period-halving 16 to 8 and
8to 4 (see Sect. 4.2.3 for an explanation of AUC < .5).
Similarly, chaotic bifurcations, such as the period-
doubling and period-halving cascade are hard to antic-
ipate, involving transitions to or from attractors of high
periodicity. Conversely, other chaotic bifurcations are
remarkably easy to anticipate, such as the boundary and
interior crisis (chaos expansion and chaos reduction),
and subductions to a lesser extent.

The dependence of the AUC on downsampling fre-
quency fs and observational noise intensity oops iS
shown in the Supplementary Materials. For simple tran-
sitions from fixed-points such as the saddle-node bifur-
cation, lower sampling frequency and greater observa-
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Fig. 3 Bifurcation-dependent performance of EWS. EWS per-
formance is here visualised aggregated across conditions using
the median AUC; for the AUC per condition (downsampling
frequency f; € [10,1,.1] and observational noise intensity
oobs € [0.0001, .02, .04]), see Supplementary Figures S6-S11.
Bifurcations involving fixed points (e.g. Hopf) seem remarkably
easy to anticipate (bright yellow), whereas period-doubling and

tional noise intensity barely changes the performance
of EWS. In contrast, bifurcations of high periodicity
are easily obscured by noise, even with high sampling
frequency. Period-doubling and period-halving bifur-
cations are theoretically predictable as half of the EWS
perform well under low observational noise intensity
oobs = 0.0001, even for very low sampling frequen-
cies fy = .1 (except the period-halving bifurcation 16
to 8, which shows poor predictability across all condi-
tions). However, higher observational noise intensities
easily obscure these transitions, as a period-doubling
or period-halving bifurcation often involves the grad-
ual splitting or merging of peaks in the oscillation.

A different dependence on f; and o,ps emerges
for chaotic bifurcations. EWS for the period-doubling
and period-halving cascade to chaos show poor perfor-
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period-halving are much harder to anticipate (red and purple).
The EWS maximum spectral density Spax performs exception-
ally well (bright yellow, light orange) for all bifurcation types.
Note that AUC < .5 is due to the detection method not being
suitable to identify complex warning patterns such as a reduction
in variance, see Sect. 4.2.3. (Color figure online)

mance across all conditions. In contrast, EWS for sub-
ductions (chaotic to periodic and periodic to chaotic)
show remarkably good performance across conditions,
where performance is only completely hindered in the
most difficult condition f; = .1, oops = .04.

The most striking EWS across bifurcations is the
maximum spectral density Smax, showing near-perfect
performance (.9 < AUC < 1, bright yellow) across
virtually all bifurcations. Such generality is not found
across the other EWS. Among multivariate EWS,
the first eigenvalue of the covariance matrix ¥ and
spatial variance seem to perform well. Among uni-
variate generic EWS, no consistent best-performing
EWS or signature is found, in line with the literature
[94,95]. Though each metric shows somewhat con-
sistent results among variables, outliers are also com-
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mon. For instance, the mean of x> shows poor perfor-
mance for detecting an interior crisis (chaos reduction),
whereas this same metric applied to the other variables
performs excellently. In line with this, several simula-
tion studies have observed the (moderate) superiority
of multivariate over univariate EWS [43,84,96].

3.3 Timing and direction of EWS

For practical utility, EWS should not only have high
sensitivity and specificity, but also be timely. An EWS
may have a perfect AUC = 1, but only yield a warning
signal shortly before the transition, greatly reducing
its utility. As a next step, we thus investigate whether
an optimised critical cut-off value (for each bifurca-
tion type, EWS, downsampling frequency f; and ops)
which weighs sensitivity and specificity equally results
in timely warning signals. As shown in Fig.4, the
majority of EWS occurred in the middle of the tran-
sitional period. Nearly half of the EWS for the saddle-
node bifurcation only gave a very late warning. The
maximum spectral density Smax again shows up as a
strong warning—and timely—signal.

In the application of EWS, not only the timing but
the direction of EWS matters. Do we need to look for a
warning signal which peaks above the confidence band
(i.e. an increase), below (i.e. a decrease), or either one?
To investigate the sign of the warning signal, we found
the direction of each warning sign corresponding to
an optimised critical cut-off value per bifurcation type,
EWS, downsampling frequency f; and o,ps. Remark-
ably, many EWS do not show warning signs that are
either all increasing or all decreasing, but rather a mix
(Supplementary Figure S12). For instance, a period-
doubling cascade to chaos does not have a typical warn-
ing signature in which Spatial Variance either increases
or decreases. Instead, either may be taken as a warning
sign. As an implication, only looking for an increase or
a decrease as compared to baseline might lead to more
false negatives.

4 Discussion

In summary, anticipating complex critical transitions
shows variable promise, depending on the type of crit-
ical transition and the EWS used. Generic EWS can
pick up on an upcoming transition even in the absence

of critical slowing down. By studying the ideal case of
a well-behaved bifurcation with ample data available,
we learn which critical transitions are in principle fore-
seeable. Our findings may be broadly summarised as
follows:

1. Bifurcations involving fixed points are extremely
easy to anticipate, despite low sampling frequency
or strong observational noise.

2. Bifurcations involving limit cycles of higher peri-
odicity (4-8 and 8—16) are hard to predict and easily
obscured by observational noise.

3. Chaotic bifurcations involving crises and subduc-
tions are much easier to detect than chaotic period-
doubling and period-halving cascades.

4. The maximum spectral density Smax performs
exceptionally well across virtually all bifurcation
types, whereas other spectral EWS do not perform
well at all.

5. Most well-performing EWS give a timely warning
halfway into the transition, but many EWS do not
have a consistent direction (increasing or decreas-
ing as compared to the baseline).

4.1 Reasons for EWS in deterministic dynamics

The classical conception of warning signs for bifurca-
tions focuses on measuring a loss of stability which
is reflected in CSD. This loss of stability may be indi-
rectly measured through the system’s response to noise:
closer to a bifurcation point, the system is less quick to
recover from perturbations, resulting in the well-known
rise in variance and autocorrelation. As such, some
intrinsic noise is needed to uncover this loss of stability.
Yet in the present study, even deterministic dynamics
show warning signs of upcoming bifurcations, which
are strong enough to be picked up even through obser-
vational noise and downsampling. Below, we delve into
three perspectives on why some complex critical tran-
sitions in a deterministic system show EWS despite the
absence of perturbations (see summary Fig. 5): chang-
ing attractor morphology (size, shape, and location in
phase landscape), shifting power spectra (amplitude
and frequency), and chaotic transitional features (den-
sity across attractor). These features are not commonly
connected to EWS given the focus on CSD, but are in
fact simple characteristics of deterministic dynamics.
They may occur independently, in combination, or not
at all across complex transitions. Importantly, when we
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Fig.4 Timing of EWS when setting an optimal cut-off value ¢ *
with optimal sensitivity and specificity for each EWS. Timing
of EWS is here visualised aggregated across conditions (down-
sampling frequency f; and observational noise intensity oobs)
using the median timing. Across different bifurcation types, the
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Fig. 5 Reasons for EWS in deterministic dynamics. (1) Chang-
ing attractor morphology refers to the gradual alterations in the
size, shape, and location of the attractor in phase space, as demon-
strated by the backwards Hopf bifurcation (left, top panel). Such
changes are easily picked up by EWS such as variance x; (left,
bottom panel). (2) Changes in the frequency of dynamics can
result in power spectral changes, here visualised for the bound-
ary crisis (middle, top panel), which are easily picked up by
power spectral EWS such as the maximum spectral density Smax

do not know which type of transition will occur, imple-
menting a range of EWS may be necessary as different
metrics may be sensitive to different features of com-
plex transitions.

4.1.1 Phase space perspective: changing attractor
morphology

Besides the loss of stability, an upcoming bifurcation
is often accompanied by changes in the morphology of
the attractor: its location, size, and shape in state space.
These morphological properties are reflected in statisti-

of x; (middle, bottom panel). (3) Chaotic bifurcations such as an
interior crisis (larger chaotic attractor to smaller chaotic attrac-
tor) (right, top panel) may be accompanied by transitional fea-
tures such as differing density across the attractor. EWS such as
spatial skewness can reflect this transitional process (right, bot-
tom panel). All EWS shown are for downsampling frequency
fs = 1 and observational noise intensity oops = .02, with confi-
dence bands constructed from a baseline period (not shown) with
Ocrit = 2

cal metrics of the time series, most straight-forwardly in
the mean, variance, and skewness, respectively. Impor-
tantly, the morphology of an attractor can be used as
a warning sign of an upcoming bifurcation, because
it often changes gradually and smoothly along with
the changing control parameter. For instance, a limit
cycle approaching a supercritical Hopf bifurcations in
the reverse direction slowly shrinks in amplitude, which
can easily be picked up by steadily decreasing variance
(Fig.5, left panel). Similarly, period-doubling transi-
tions are often preceded by a gradually growing attrac-
tor (Fig. 5, left panel). This phenomenon has also been
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called critical attractor growth as a warning sign of an
upcoming interior crisis [59].

Concomitant changes in the attractor’s morphology
as the system approaches a bifurcation have perhaps
received little attention in the literature given its focus
on fixed points, for which only the location in state
space (i.e. mean) may change. A gradually changing
mean may be observed in a saddle-node bifurcation or
backwards supercritical and transcritical bifurcations.
Our ability to pick up these changes will of course
depend on the level of noise and the magnitude and rate
of change of the control parameter—mean changes may
be too small to detect, and some bifurcations may hap-
pen without any change at all in the attractor’s morphol-
ogy. However, for most bifurcations under study, and
particularly for intrinsically dynamic attractors, grad-
ually changing attractor morphology may be a fruitful
warning sign of an upcoming bifurcation.

4.1.2 Power spectrum perspective: changing
amplitude and frequency

Emerging as by far the most effective and universal
EWS, the maximum spectral density Smax [9] illustrates
that spectral warning signals may already be present in
deterministic dynamics. This cannot be explained by
only an increase in variance, as variance as an EWS
did not perform nearly as well (Fig.3). As explained
by [9], in cases where the bifurcation involves an oscil-
latory attractor, non-spectral EWS may not be useful.
Indeed, a warning sign may not (only) be in the shape
of an attractor, but in the speed at which it traverses the
attractor. Non-linear systems typically have attractors
with phase-dependent velocity, meaning some parts
of the oscillation are quicker than others (Fig. 5, mid-
dle panel) [97]. Some bifurcations, such as the back-
wards Hopf bifurcation, are announced by an increased
uniformity in the speed along the attractor, becoming
less phase-dependent [97,98]. Phase-dependent veloc-
ity may change along with a control parameter, partic-
ularly when the control parameter affects growth rates
or connectivity of the system [47,48,99]. Increasing
interspecies competition can result in more extreme
peaks and troughs and slower recovery, as seen in the
boundary crisis (Fig. 5, middle panel). Changes in the
speed with which the system traverses an attractor may
be picked up by the power spectrum, which describes
the distribution of variance across different frequen-
cies. For instance, gradually increasing amplitudes
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are reflected by overall increased spectral power (i.e.
amplitude squared), and a slowing down of dynamics
will be shown by a shift of spectral power towards lower
frequencies. As such, our findings corroborate other
recent findings on the utility of spectral EWS for bifur-
cations involving oscillatory dynamics [9,36,100].

Spectral EWS are thus an obvious candidate for
anticipating bifurcations involving oscillatory attrac-
tors. In the EWS literature, they have predominantly
been used for fixed point bifurcations in the context
of spectral reddening [101], in which the power spec-
trum becomes dominated by lower frequencies near a
bifurcation point. This is another manifestation of CSD,
because lower frequencies imply slower recovery. The
spectral ratio and spectral exponent were specifically
designed to pick up on CSD and spectral reddening
(higher spectral power at lower frequencies [101]), but
performed quite poorly in the present study. This dif-
ference might simply be due to the method of estimat-
ing the power spectrum, ranging from Welch’s method
(maximum spectral density [9]), parametrically by an
AR model (spectral ratio [3]), or the Fast Fourier Trans-
form (spectral exponent [76,102]). Another explana-
tion for their poor performance may come from the
chosen frequency bands, which could be optimized to
detect relevant frequency changes in complex bifurca-
tions. Some of the generic EWS also measure spectral
reddening indirectly if they are intrinsically related to
the power spectrum, where for instance the variance
is simply the sum of the spectral power and the lag-
1 autocorrelation forms a Fourier pair with the power
spectrum [103].

4.1.3 Chaotic perspective: density across attractor

A third cause for EWS in deterministic dynamics may
be observed in critical transitions involving chaotic
attractors (Fig.5, right panel). A bifurcation involving
a chaotic attractor may be preceded by the system lin-
gering longer and more frequently in some regions of
the attractor. As any chaotic attractor forms the closure
of a set of an infinite number of unstable periodic orbits,
preference for some attractor regions manifests in den-
sity differences across the attractor. That is, the new
attractor is already embedded within the current attrac-
tor, and typically the system lingers more and longer
in the new attractor nearing a bifurcation. Attractor
density differences may be driven by phenomena such
as intermittency: recurrent switches between attractors



Deterministic early warning signals

19087

such as a periodic and a chaotic one (subduction) or two
chaotic attractors (interior crisis; see Supplementary
Materials section S1.1.3 and Supplementary Figure S1
for further explanation). Warning signs may be found
in the duration and time between successive periodic
bursts or increased density of a smaller attractor within
a larger attractor, as they carry information about the
system’s proximity to a bifurcation point. That is, the
new attractor typically gains prominence closer to the
bifurcation point, such that the system frequents it more
often and for longer periods of time, until it switches
to the new attractor completely.

On a sobering note, these features depend strongly
on the initial condition, rate of parameter change, and
intrinsic noise [104], such that they are no guarantee
for a warning signal. Similarly, other typical features
of chaotic transitions occur quite robustly but are hard
to detect. For instance, increased complexity is found
reliably in the period-doubling route to chaos, yet may
be of little utility. Here, we find that EWS barely dis-
tinguish between high periodicity and chaoticity if the
system is already far into the period-doubling cascade.

4.2 Methodological implications

Below, we outline three methodological implications
for EWS simulation studies that may be implied by our
findings.

4.2.1 EWS are also contained within deterministic
dynamics

The multitude of warning signals found in only deter-
ministic dynamics emphasises the need for a step-
wise understanding of complex bifurcations, which
begins with deterministic dynamics and builds towards
stochastic systems. Simulation studies in the EWS liter-
ature have predominantly focused on CSD: the slower
recovery from state perturbations. To uncover this
effect, a stochastic system is needed, which inescapably
builds in assumptions about the noise process. Rather
than being restricted to homogeneous additive Gaus-
sian noise, the noise process may be coloured (red, pink,
blue), multiplicative, time-varying, and anisotropic
across variables. Indeed, deviations from these assump-
tions have often been found to negatively impact the
utility of EWS, including correlated [105], anisotropic

[95], cyclical [106], and multiplicative state perturba-
tions [107]. Deviations from these assumptions may
help to explain the gap between theoretical expec-
tations of EWS and empirical findings, which have
found mixed results, receiving support [108—117], but
also scepticism due to low true positive and/or high
false positive rates, poor agreement between EWS, and
cherry-picked variables and data sets [84,94,106,118—
124]. This gap may also originate from basic practical
considerations, such as short time series length [125],
pre-processing sensitivity [84], or insufficient spatial
and temporal sampling [123], but also on more fun-
damental differences between simulated and empir-
ical transitions. Empirical systems may not be as
well-behaved as typical simulation models, including
low noise [126], a single driver variable [127], or a
slow timescale of the driver relative to intrinsic sys-
tem dynamics [128,129], or may be transitioning due
to a different mechanism altogether, such as noise
[122,130], or large jumps in external forcing [63].

The interaction between deterministic dynamics and
stochasticity may enhance or blunt EWS [107]. For
instance, critical slowing down would only enhance
the increased variance that is already present determin-
istically in some period-doubling bifurcations. Con-
versely, state perturbations help reveal warning signals
in the form of stochastic resonance when approach-
ing a Hopf bifurcation, which are not present in deter-
ministic dynamics [9]. State perturbations can even
limit what dynamics are possible. For instance, the
period-doubling cascade to chaos is easily shortened
[66] or even avoided altogether by state perturbations
[131]. Stochasticity may thus reveal or hide the under-
lying deterministic skeleton. Though noise is always
present in any empirical system, by first simulating a
fully deterministic system and then adding stochastic-
ity, we may disentangle which EWS are dependent on
the assumed noise process.

4.2.2 EWS are not generic across bifurcations

In the early stages, optimism surrounding the utility
of EWS was fuelled by their potential generic nature,
meaning they are applicable to many types of tran-
sitions, without requiring knowledge of the underly-
ing system [6,53,70]. The literature has increasingly
adopted a more sceptical stance [47,132]. The perfor-
mance and pattern of EWS depends on the bifurca-
tion type, system dimensionality, and control parame-
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ter characteristics, among many other factors. Firstly,
the pattern of EWS can differ even within the same
family of bifurcations. For example, though both the
saddle-node and Hopf bifurcation are zero-eigenvalue
bifurcations, a different pattern of EWS is expected
when approaching the bifurcation point: for a saddle-
node bifurcation, increasing lag-1 autocorrelation is
observed, where it is shown to decrease approaching
a Hopf bifurcation [9,35]. Secondly, even within the
same bifurcation fype, EWS findings in one system
may not translate to another due to different system
dimensionality and structure. In multidimensional sys-
tems, not all variables show the same strength of EWS
[95], or may even show the completely opposite pattern
[94]. Andindeed, our intuitions about chaotic dynamics
in one-dimensional models may not extend to higher
dimensions [10], which are often the empirical reality
when studying complex systems. For larger systems,
depending on the coupling strength between different
nodes in the network, perturbations to one node may not
propagate to all nodes [133]. As such, weakly coupled
systems may only show localised changes in behaviour.
Theoretical work has supported the variability in EWS
within the same system from a state space perspective,
as the strength of EWS is influenced by at least four
directions: the direction of critical slowing down, the
direction of intrinsic noise, the direction along which
noise has the strongest effect, and the direction along
which the process is observed [95]. Thirdly, EWS pat-
terns differ depending on the characteristics of the con-
trol parameter or driver. Though most studies assume a
single, monotonically increasing driver, which in itself
seems questionable [84], EWS signatures differ in the
case of large jumps in the control parameter [63,84],
multiple driver variables [127], and periodic forcing
[106]. Empirically, drivers are likely a mixture of lin-
ear and non-linear variables [84,134,135].
Strengthening the established non-generic nature of
EWS, our findings show no consistent performance
across bifurcations nor a similar direction in the pat-
tern of EWS (increasing or decreasing, Supplementary
Figure S12) upon approaching a bifurcation. Moreover,
our findings corroborate the danger in relying on warn-
ing signs derived from one state variable, as it may
simply be the least informative variable in anticipat-
ing that particular critical transition. Combined with
the overall literature, this implies that any EWS appli-
cation should not rely a priori on only a few EWS,
one direction (increasing or decreasing), or single state
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variables. Further, simulation studies need a strong
empirical basis underlying their modelling assump-
tions (e.g. bifurcation type, system dimensionality, and
driver characteristics) before drawing general conclu-
sions about the utility of EWS.

4.2.3 Complex warning signals need different
detection methods

The present study demonstrates why conventional
warning detection methods are not suitable for some
complex bifurcations. Conventional methods detect a
trend upwards or downwards, but complex bifurcations
may show warnings in higher-order statistics of EWS.
That is, rather than increasing or decreasing steadily,
some EWS warn against a transition through a change
in variance or frequency. For instance, attractors that
oscillate also yield warning signals that oscillate (Sup-
plementary Figure S13, top panel). Another complex
warning pattern not picked up by conventional methods
is a reduction in variance of EWS, which is common
in period-halving bifurcations (Supplementary Figure
S13, middle panel). In this case, the EWS will show no
increases nor decreases, but rather a narrowing in vari-
ance, yielding no typical warning signal as identified by
standard methods. Similarly, a change in the frequency
of the EWS signal without a trend upwards or down-
wards is not recognized as a warning (Supplementary
Figure S13, bottom panel), though such EWS signals
are common in for instance period-doubling bifurca-
tions. Such complex patterns lead to the atypical result
of AUC < .5: as the critical cut-off value increases,
the number of true positives drops before the number
of false positives.

Complex warning patterns thus pose a challenge
to current detection methods, without straight-forward
methodological solutions. For instance, one proposal to
increase the robustness of EWS suggests to only count
a warning if there are multiple consecutive warnings
signals [136]. For an oscillating EWS which intrin-
sically will first peak above and then dip below the
threshold (Supplementary Figure S13, top panel), this
might lead to sluggish detection. The same problem
would arise when using another popular warning detec-
tion method, Kendall’s T [77,137], which identifies an
increasing or decreasing trend. Potential techniques
to deal with these complex warning patterns might
come from statistical process control [138,139], utiliz-
ing smoothing as well as secondary statistics, e.g. the
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variance of the variance x1. However, rather than rely-
ing on single EWS, a much more promising approach
comes from machine-learning techniques, which have
demonstrated excellent utility in anticipating bifurca-
tions [15, 140, 141]. Machine-learning algorithms such
as deep learning may be trained on raw time series and
extract relevant (higher-order) features for predicting a
bifurcation, without relying on manual specification of
relevant EWS.

5 Conclusion

The present study aimed to highlight warning sig-
nals contained within deterministic dynamics to build
a step-wise understanding of the largely understud-
ied domain of complex bifurcations. The focus on
fixed-point bifurcation has left little attention for warn-
ing signs that may already be found in deterministic
dynamics of complex attractors such as limit cycles and
chaotic attractors. Such warning signs may be found
in a combination of changing attractor morphology
(size, shape, and location in phase space), power spec-
tra (amplitude and frequency), and chaotic transitional
characteristics (density across attractor). A step-wise
understanding starts from the simplest case: What fluc-
tuations in EWS can we expect simply from determin-
istic dynamics in null models? How will these deter-
ministic dynamics change when approaching a bifur-
cation? After understanding the deterministic transi-
tional process, we may better understand the stochastic
bifurcation: how are these warnings obscured—or con-
versely, amplified—when subject to dynamical noise?
The present study suggests that future studies inves-
tigating these questions may be more informative by
comparing deterministic to stochastic dynamics, by
adjusting the warning detection method to account for
oscillations, and by aiming for a comprehensive simu-
lation design to avoid system-specific and bifurcation-
specific conclusions.

Our findings highlight the divergent predictability
found among bifurcations, where for instance transi-
tions involving attractors of high periodicity are much
harder to anticipate than simpler bifurcations. This
should warrant scepticism towards general statements
about the utility of EWS, and in particular the pes-

simism with regard to chaotic bifurcations. There is
no such thing as one type of chaotic critical transition.
Rather, a rich array of underlying phase space struc-
tures may cause a bifurcation. This diversity calls for an
overview on the utility of EWS depending on structural
factors (e.g. type of system, type of critical transition),
methodological factors (e.g. pre-processing protocol
and type of EWS), and practical factors (e.g. length
and frequency of measurement). The choice of catego-
rization among structural factors alone already poses a
challenge, where the need to aggregate across similar
features (e.g. period-doubling bifurcations) conflicts
with the need to distinguish between relevant features
(e.g. different origins of chaos). In addition, the choice
of what qualifies as a transition and what is considered
a warning signal is somewhat subjective. For instance,
are period-doubling bifurcations transitions of inter-
est in themselves, or do they merely serve as warning
signs of oncoming chaos [66]? Vice versa, intermit-
tency in some systems would not be considered as part
of the transition process to the true attractor of interest,
but rather a switch in itself with severe consequences.
Depending on the aim, some critical transitions may
thus be considered transitional features and vice versa.
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